AD-A123 385  ESTIMATING A FAMILY OF DISTRIBUTIONS WITH RPPLICRTIOHS 11
TO THE EXTENSION 0.. <(U) UNIVERSITY OF CENTRRL FLD )
ORLANDO DEPT OF MATHEMATICS AND..

UNCUASSIFIED 16 AUG 82 AFGL-TR-82-8239 F13628- 82 K 0001 F/G 12/1




¥ 3 - o PFITrTT IV I voew
> v A

®

) AE f Le
oda ; R J

bl 3 adin

b
= K

N . K
p - y .
1..” ’ “‘ .‘,

K L] B -
4 ] .
s
[ \
! I
. | .
.

/
T.. Al o
p.

n.
o .
&

¥ .
‘...
P ! ]
. _ _
g ol & O o © =3
o ™~ N N — — [+ 3%-
b ! = 5 ¢
wn. @ m m

. ‘M Nl o o

. o~ 3 4 =z
: Jda3 .| .

! 23 - — [~

s 3 — 25

- - od
-\». ummmﬂmnnuu — 3 W

4 — M wRu

[

. O — W) T

. . . 2 Q2
b’ — — M m m

~ -— &

< ——— e— emm— Q z
X _ = == 3

-n-
%
b,
-~l

J

L

n‘
o]

nnl

T
A

4
2
Y..

3
L

"

g——— e e -
A . DA I







p— T aac - r EXI ARARLELCUSLRS YA QRO e L e AR
- RADY AL N S R "D A wmi L e DN W FEEE W1

. - y'S 1 On

' Yoo

[ N

from the

[N

Ceiiter, All others should




]

.
!
»

I; .
7
. I

¥ "_‘i'

'

— 5 Jn it s Jaec
; “. BN P
M

T

Unclassified
SECURITY CLASSIFICATION OF Ti)S PAGE (Whan Date ":nl"ll-cl)
REPORT DOCUMENTATION PAGE HEFORE COMI Tt ot

b
.
.
D U ;L;';‘i

t REPORT NUMRER —P GOV A ESSION FCIPIFNT'S CATALOG NIIMIVF R
womuos __|ARE 3F9

Scientific Report No. 2
15 April - 1 Sept 82

6 PERFORMING ORG REPORT HUMBER

Estimating a Family of Distributions with
Applications to the Extension of Climatology

4 TITLE (and Subtitle) S TVEE OF REPORT A BIRIGH ( OVE I D

7. AUTHOR/s) ® CONTRACT OR GRANT NUMNE Ry 4)
S. J. Bean F19628-82K-0001
P. N. Somerville
9. PERFORMING ORGANIZATION NAME AND AODRESS 10. PROGRAM ELEMENT. PROJECT, TASK
AREA & WORK UNIT NUMBERS
Department of Mathematics and Statistics 62101 F
University of Central Florida 667009 AK

Orlando, Florida 32816

1. CONTROLLING OFFICE NAME AND ADDRESS 2. REPORY DATE

Air Force Geophysics Laboratory 16 August 1982
Hanscom AFB, MA 01731 : 13. NUMBER OF PAGES
Contract Monitor: D. Grantham, LYD 13
14. MONITORING AGENCY NAME & AODDRESS(If ditlerent lrom Controlling Ollice) 15. SECURITY CLASS. (of (his report)
Unclassified
1Sa,” DECL ASSIFICATION/DOWNGRADING
SCMEOULE

16. OISTRIBUTION STATEMENT (of this Report)

Approved for Public Release; Distribution Unlimited

17. DISTRIBUTION STATEMENT (of the ebstrect entered In Block 20, Il dillerent lrom Report)

18. SUPPLEMENTARY NOTES

19. KEY WORDS (Continue on reverse side Il necessary and identily by block number)

Family of Distributions Regression Model
Spreading

Least Squares Estimation

Maximum Likelihood Estimation

20 A.SY@T (Continue en reverse eide il necessary and identily by blech aumber)

A family of distributions is used to model a climatic (or other)
variable over a region. The entire family of distributions may be estimated
by utilizing a sample of locations throughout the region and the dependence
of the parameters of distributions on independent variables. Regression
models are used to estimate the parameters for a location with given values
of the independent variables.

A

DD %'y 1473  coimion or 1 nov &8 Jououn Unclassified .

SECURITY Cy ASRIFIZ ATINN AF THIS PAGE (When Nata Entered)

S oy R Y RSN RS I TS TGV AN N LI G T A P ot HT T G S ST ST ST S S S

ENEUEN (s VRPN

Mt -

A4

b 2
-y

hor RO I

W
'y

e
PN LA

TR TR
B
tiaLa_s2f

A




.............

Table of Contents

Page
1.0 Introduction 1
2.0 Estimators for Parameters 3 ;
2.1 Maximum Likelihood Estimators 3
2.2 Least Squares Estimators 6
3.0 An Example Using the LSE 7 é
4.0 Summary and Conclusions 9 :
5.0 References : 10 ;

TR

L B OIS

A«unon Por ‘
" YIS emAAl 3

RN L mewe ...
4411"1","1»'.:~'l-'.'"'

P8 TAS O
Gamneunesd d
Justification —— ——

»” 1
, Pastribution/ 2
. path-dngshtr il i
% __Avatlebility Codes | 4
- 2 1avall and/or g k
- o ; ~ ptet Special 3 3
1 . 3
N j ]' 3
& N ! P

1 .=ttt
AN e SRR N

ii4

2 48
SR L. IS

R Ry T S S




S A Iaartt Mt bas resae it Doutamerini iU R CIUL SO S S SN MR S S P 8

1.0 Introduction

One problem of concern in climatology studies is that of extending
climatology information spatially., Somerville and Bean (1981) have given some
techniques for developing probability models for visibility in West Germany
for locations where no historical records exist. The current study is a
consolidation and generalization of the basic theory for the above problem.

The problem may be stated in the following way. We wish to estimate the
probability distribution of a climatic variable, such as visibility, for any
location in a given region where historical records do not necessarily exist.
However, we do assume that there are independent variables which may be measured
at the location of interest that have some correlation with the parameters in
the probability distribution to be estimated. These variables may be the
elevation, average elevation of the surrounding area, or other geographical
measures for example. Also, we assume that we have a sample of locations for
which we have historical records. Further, we assume that the distribution at
each location in the region is oflthe same form but the parameters change from
location to location. The region may be considered as a_collection or family
of distributions. This family of distributions is indexed by a p-dimensional
parameter 6. The parameter 8 depends on an independent variable Z = (21,22,...,
The k components of Z may be measures of such attributes as elevation, average

1

allow for a constant term. O is assumed to depend on Z in the form

elevation of surround area, or others. Z_  may be taken to be identically 1 to

6 =128

where
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8 must be restricted to a set, say Q € RP, on which the distribution Fo is
defined. Thus, for Z contained in set reRk we must restrict 8 to some set, 1

say B, such that € ¢ 2. The family of distributions is characterized by :

F= {F,: =28, 2¢ T and B € B}

o
Where F9 is the cumulative probability distributiom of the climatic (or other)
variable of interest with parameter O.

Our objective is to estimate the eantire family of distributioms & , by
utilizing the dependence of 8 on Z. To accomplish this, s random sample of
M distributions at M locations from the family of distributionms is taken. Next,
from these M distributions a sample of size N is taken from each distribution.
That is, N observations of the variable of interest, say X, are taken at each

of the sampled locaticms. Also, the independent variable Z is taken at each of

the sampled locatiomns. Thus at the jth location the sample will comnsist of

211’ ij,.... ij and ‘lj’ xlj’ cese xNj .
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The entire sample of size N, from M locations, using k attributes of a station

is given by

{(x Z 2; 1s{i<H,1<3<M 12 ki

137 73

Note that Z is fixed at each location so that only one set of Z components are

il Raalematis nrnssal WL alalate sl

observed at each location. Using the above sample we may obtain estimators in

the form

8=2z8.

>
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2.0 Estimators for Parameters

Although we are primarily interested in 0, B is the global parameter that
must be estimated. The estimate of B will then provide a model which will yield

an estimate for O at any location in the region.

2.1 Maximum Likelihood Estimators

The log-likelihood function is given by

M N

L(R) = T [ tn [f(x1 : Z(j) 8)] (2.1.1)
j=1 1=1 3
vhere Z(j) refers to the vector (2 ) and f is the probability

j1° ij, cees ij
density function.

Results for the Normal Distribution

Assuming X has a normal distribution with 911 = ui' 912 i

My = 811yt Bty oot B2,
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and !:

2 = + 4+ .'
N 0 = BpoZyy ¥ BypZip *oer * By
X ) -
(Note: the variables Zj]’ ij, ceoy ij are the same in the above expressions !.:
for by and o§ for notational simplicity. Other variables could be used with
only notational changes in the estimators). ]
For uj’ we find that if we take partials of (2.1.1) with respect .;
to 811‘ 621, < Bkl we obtain the following system of equations. 3
M M _ s
: r z,, By ,2,, +...+8.2,.)= I Z, X,
: j=1 j1 11751 k1“k §=1 il -3
M M -
t 2., (B,,2,. +...+8..2.)= L X,
j=1 j2 11751 kl jk je1 j2 3
- M M _
+ ... + L) = Z,, X 2.1.2
jzl Zik Br1%y By 124 jfl k X (2.1.2)
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The system of normal equations given in (2.1.2) may be written as :
‘ z'ze., = 2'X (2.1.3)

Solving (2.1.3) we obtain

€~1 = (Z'Z)—l 2'X , and thus,

based on the previous assumption
A

v, o, 4
h | Z 8.1 .
We can obtain the normal equations to estimate the parameters in the model for %
¥ o§ in a similar way. If we let ﬂ
o N A :
2 s? = I (x,, -wm )Z/N, X
& J i=1 13 ] E
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then

A -

B., = (2'2) Lz s? .
and thus

A N A

2 = o(3)

oj Z 8,2 .

The above estimates are equivalent to estimating (uj, a§) with the usual MLE's,

X, ., SZ). Then to obtain the overall model, B.land8.2areestimatedbyr@gressing

B R

X and S? on 2,., 2

°j j Jl j2i cvey ij forj:l, 2, «ooy M.

2.2 Least Squares Estimators

Another type of estimator which we will refer to as the least
squares estimator (LSE) is an alternative to the MLE. This type (the LSE) is
useful for its robustness qualities. Somerville and Bean (1982) give a
simulation study to illustrate the robustness of the LSE. Parr and Schucany
(1980) give a discussion of minimum distance (MD) estimation which cover a
number of estimators with robustness qualities. One of the most useful MD
estimators is one which is obtained by minimizing the Cramer-von Mises
statistic. This particular MD estimator is equivalent to the LSE. A form of
the Cramer-von Mises distance or discrepancy between the empirical distributions
and the model distributions we define to be

M N 2
. (i) 2i-1
d(8) = & & [F(x .5 2778) -—-—]/NM .
F j=1  i=1 ()i 2N

The notation refers to the ith largest observation at the jth

x
(13
distribution (location).
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The LSE for R is that valuce of #« B such that

X A
v dF(B) = inf dF(B) . (2.2.1)
o 8c B
. This estimator is found using non-linear regression methods. Somerville and
;1 Bean (1981) illustrate the methods for solving the non-linear regression
ft problem in this context.
?E 3.0 An Example Using the LSE
5 The Weibull distribution has been used extensively by So 7ille and Bean
7 (1979) for various climatic variables including visibility. - gprobability
f: that visibility is less than x miles, using the Weibull distribution is given by
..:‘
N 8
. —aX
wn F(x) =1 - e @ , a, B >0 .
\

3 The parameters (a,B8) vary from location to location. Note that the use of B

in this context differs from the previous sections.

A number of different variables including some climatic and geographical
variables were investigated, and the LSE for (a,B8) using these variables was
developed by Somerville and Bean (1981). A future report which uses more data
than the above study will show that the LSE for (a,8) based on the cube of

elevation and average elevation of the surrounding area provides a practical

model which gives reasonable fits to the data.
> Let
3., -9
p z, = (elevation in feet)™"10 ° ,
3,49 .
2. = (averape clevation in fect) 10 of 20 locatfons equally

) 2

spaced a distance of 20 km from the location of interest,
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and

a = hOl + b11 Zl + 1)2] £2

L
» B=bgytbp? thyl . -
o

Sixty locations throughout West Germany were used to obtain the LSE, b, for

PRV G WSS

o1’ P11’ P21’ b02’ blZ’ b22) for various times of day and each month 2

3 b

‘\i of the year.
r_- r
J

1

b = (b b

For example, the LSE for the above parameters were obtined by the

)

appropriate form of (2.2.1) for April for hours 10-12., The resulring equations

' are given b -

N ’ 3

‘ 4

= A .
: a = ,0365 + .0014921 - .0009 Z2

A .

B = 1.32 - .009221'- .0160 22 ¥

1 ™Y

The RMS defined by

RMS = (d‘,('f,))”2

PP S VST

is .058 based on the sixty locations for April hours 1000 - 1200.

r. .' -1
;, Now suppose we wish to have the probability distribution at Konstanz, -
- n
b, L
! Germany at the above mentioned month and time. The elevation of 1368 feet ]

vields Zl = 2.5, and the average clevati~n of 1725 yields 22 = 4.71. This

pives

A
a = 045

1.22

- >
H

and 122 :
. 045
F(x) =1 - ¢ 5 , x =0
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4.0 Summary and Conclusions

A general theory for the estimation of a family of distributions was
considered. To estimate a family of distributions, a form of maximum likeli-
hood estimation and least squares estimation was investigated. It was found
that if the family of distributions is a family of normal distributions, then
a linear regression model results for the estimation of parameters using the
MLE.

On the other hand, the LSE was found to be based on non-linear regression
methods. The LSE has been found to be practical because of its robustness,
and even though non-linear regression is required, it has been found to be no
more costly or difficult to calculate than the MLE.

It has been found that the concept of estimating a family of distributions
is applicable to extending probability distributions for climatic variables
to data-void regions. Also, these concepts should prove to be useful in other

areas of research.
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